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Abstract. We show that cohomology of the variational complex in the field-antifield BRST
theory on an arbitrary manifold is equal to the de Rham cohomology of this manifold.
1 Introduction
In the field-antifield BRST theory, the antibracket and the BRST operator are defined by
means of the variational operator (see, e.g., [17]). To introduce this variational operator
in a rigorous algebraic way, one can replace the calculus in functionals with the calculus
in jets of fields and antifields, and can construct the variational complex [4, 5, 11]. Fur-
thermore, one has proved that the variational complex in BRST theory on a contractible
manifold Rn is exact [10, 11, 13]. This means that the kernel of the variational operator
δ coincides with the image of the horizontal (or total) differential dH . Therefore, main
objects in the field-antifield BRST theory on Rn are defined modulo dH-exact forms. Let
us mention, e.g., the local BRST cohomology.
Here, the variational complex in the field-antifield BRST theory on an arbitrary
smooth manifold X is studied; that requires a (global) differential geometric definition of
ghosts, antifields, and their jets. We show that cohomology of this variational complex
equals the de Rham cohomology of X . In other words, the obstruction to the exactness
of the variational complex in BRST theory lies only in closed non-exact forms on X . This
fact enables one to generalize many constructions of the field-antifield BRST theory on
R
n to that on an arbitrary manifold X . In particular, global descent equations on X can
be defined [16].
For the sake of simplicity, we will consider the case of even physical fields and even
irreducible gauge transformations with a finite number of generators. Then ghosts are
odd, and antifields are odd and even. For instance, this is the case of the Yang–Mills
theory. One says that physical fields, ghosts and antifields constitute a physical basis.
We start from cohomology of the variational complex of even classical fields. Coho-
mology of the variational complex in BRST theory is studied in a similar way.
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2 The variational complex of classical fields
In classical field theory, fields are represented by sections of a smooth fibre bundle Y → X .
Put further dimX = n.
Remark. Smooth manifolds throughout are real, finite-dimensional, Hausdorff, second-
countable (i.e., paracompact), and connected. The standard notation of jet formalism is
utilized (see, e.g., [14, 22]). We follow the terminology of [12, 18], where a sheaf S is a
particular topological bundle and Γ(S) denotes the group of global sections of S.
The configuration space of Lagrangian formalism on a fibre bundle Y → X is the
infinite order jet space J∞Y of Y → X . It is defined as a projective limit of the inverse
system
X
pi
←−Y
pi1
0←−· · ·Jr−1Y
pir
r−1
←− JrY ←− · · · (1)
of finite order jet manifolds JrY of Y → X , where pirr−1 are affine bundles. One can say
that J∞Y consists of the equivalence classes of sections of Y → X identified by their
Taylor series at points of X . Endowed with the projective limit topology, the ionfinite
order jet space J∞Y is a paracompact Fre´chet manifold [27]. A bundle coordinate atlas
{UY , (x
λ, yi)} of Y → X yields the manifold coordinate atlas
{(pi∞0 )
−1(UY ), (x
λ, yiΛ)}, 0 ≤ |Λ|,
of J∞Y , together with the transition functions
y′
i
λ+Λ =
∂xµ
∂x′λ
dµy
′i
Λ, (2)
where Λ = (λk . . . λ1), λ+ Λ = (λλk . . . λ1) are multi-indices and
dλ = ∂λ +
∑
|Λ|≥0
yiλ+Λ∂
Λ
i
is the total derivative.
Let us introduce the differential calculus on J∞Y . With the inverse system (1), one
has the direct system
O∗(X)
pi∗
−→O∗0
pi1∗
0−→O∗1
pi2∗
1−→· · ·O∗r
pir+1∗r−→· · ·
of differential algebras O∗r of exterior forms on finite order jet manifolds J
rY , where pir∗r−1
are the pull-back monomorphisms. The direct limit of this direct system is the differential
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algebra O∗∞ which consists of all exterior forms on finite order jet manifolds modulo the
pull-back identification. In particular, O∗∞ is the ring of the pull-back onto J
∞Y of smooth
real functions on finite order jet manifolds.
For short, we agree to call elements of O∗∞ the exterior forms on J
∞Y . Of course, these
forms are of bounded jet order. Restricted to a coordinate chart (pi∞0 )
−1(UY ) of J
∞Y ,
they can be written in a coordinate form, where horizontal forms {dxλ} and contact 1-
forms {θiΛ = dy
i
Λ− y
i
λ+Λdx
λ}, together with the constant function 1, constitute the set of
generators of the O0∞-algebra O
∗
∞. There is the canonical splitting
O∗∞ = ⊕
k,s
Ok,s∞ , 0 ≤ k, 0 ≤ s ≤ n,
of O∗∞ into O
0
∞-modules O
k,s
∞ of k-contact and s-horizontal forms, together with the
corresponding projections
hk : O
∗
∞ → O
k,∗
∞ , 0 ≤ k,
hs : O∗∞ → O
∗,s
∞ , 0 ≤ s ≤ n.
Accordingly, the exterior differential on O∗∞ is decomposed into the sum d = dH + dV of
horizontal and vertical differentials
dH ◦ hk = hk ◦ d ◦ hk, dH(φ) = dx
λ ∧ dλ(φ),
dV ◦ h
s = hs ◦ d ◦ hs, dV (φ) = θ
i
Λ ∧ ∂
Λ
i φ, φ ∈ O
∗
∞.
Lagrangians, Euler–Lagrange operators, and other objects of a familiar Lagrangian
field theory are elements of the differential algebra O∗∞. They can be introduced in an
algebraic way by constructing the variational complex of the algebra O∗∞.
The R-module endomorphism
τ =
∑
k>0
1
k
τ ◦ hk ◦ h
n,
τ (φ) = (−1)|Λ|θi ∧ [dΛ(∂
Λ
i ⌋φ)], 0 ≤| Λ |, φ ∈ O
>0,n
∞ ,
of O∗∞ is defined (see, e.g., [8, 14, 29]). It is a projector, i.e., τ ◦ τ = τ , and obeys the
relations
τ ◦ dH = 0, τ ◦ d ◦ τ − τ ◦ d = 0. (3)
Put Ek = τ(O
k,n
∞ ). The variational operator on O
∗,n
∞ is defined as the morphism δ = τ ◦ d.
It is nilpotent, and has the property
δ ◦ τ − τ ◦ d = 0. (4)
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Since the operators dH and δ are nilpotent, and the relations (3) hold, we have the complex
0→ R→ O0∞
dH−→O0,1∞
dH−→· · ·
dH−→O0,n∞
δ
−→E1
δ
−→E2 −→ · · · , (5)
called the variational complex. Elements of its term O0,n∞ are Lagrangians, while those
of E1 are Euler–Lagrange operators. There are the well-known statements summarized
usually as the algebraic Poincare´ lemma (see, e.g., [23, 29]).
Lemma 1. If Y is a contractible fibre bundle Rn+m → Rn, the variational complex (5)
is exact.
To obtain cohomology of the variational complex (5) in the case of an arbitrary smooth
fibre bundle Y → X , let us enlarge the differential algebra O∗∞ as follows [15, 16].
Let T∗r be the sheaf of germs of exterior forms on J
∞Y and Γ(T∗∞) the differential
algebra of its global sections. One can say that the algebra Γ(T∗∞) consists of exterior
forms on J∞Y which coincide locally (i.e., around each point of J∞Y ) with the pull-back
of exterior forms on finite-order jet manifolds. In particular, Γ(T0∞) is the ring of real
functions on J∞Y such that, given f ∈ Γ(T0∞) and any point q ∈ J
∞Y , there exists a
neighborhood of q where f coincides with the pull-back of a smooth function on some
finite order jet manifold. There is the natural monomorphism O∗∞ → Γ(T
∗
∞).
Note that, in comparison with O0∞, the jet order of elements of Γ(T
0
∞) need not be
bounded. Therefore, the algebra Γ(T0∞) has a limited physical application. We involve
it because the paracompact space J∞Y admits a partition of unity by elements of the
ring Γ(T0∞) [27]. It follows that the sheaves of Γ(T
0
∞)-modules on J
∞Y are fine and,
consequently, acyclic. Therefore, the abstract de Rham theorem [18] can be called into
play in order to obtain cohomology of the differential algebra Γ(T∗∞). Then one proves
that the algebras O∗∞ and Γ(T
∗
∞) have the same cohomology.
Since τ and δ on O∗∞ are pointwise operators, their direct limits are defined on the
sheaf T∗∞ and possess the properties (3) and (4). Then we have the variational complex
of sheaves
0→ R→ T0∞
dH−→T0,1∞
dH−→· · ·
dH−→T0,n∞
δ
−→E1
δ
−→· · · (6)
and the corresponding complex of differential algebras of their global sections
0→ R→ Γ(T0∞)
dH−→Γ(T0,1∞ )
dH−→· · ·
dH−→Γ(T0,n∞ )
δ
−→Γ(E1)
δ
−→· · · . (7)
By virtue of the Lemma 1, the variational complex (6) is exact. The sheaves Tk,m in
this complex are sheaves of Γ(T0∞)-modules and, consequently, are fine. One can prove
that the sheaves Ek, being projections τ(T
k,n
∞ ) of sheaves of Γ(T
0
∞)-modules, are also fine
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[15, 16]. Consequently, the variational complex (6) is the fine resolution of the constant
sheaf R on J∞Y . Then we come to the following.
Proposition 2. Cohomology of the complex (7) equals the de Rham cohomology of the
fibre bundle Y .
Proof. By virtue of the above mentioned abstract de Rham theorem [18], there is an
isomorphism between the cohomology of the complex (7) and the cohomologyH∗(J∞Y,R)
of the paracompact space J∞Y with coefficients in the constant sheaf R. Since Y is a
strong deformation retract of J∞Y [3], the cohomology H∗(J∞Y,R) is isomorphic to the
cohomology H∗(Y,R) of Y with coefficients in the constant sheaf R [12] and, consequently,
to the de Rham cohomology H∗(Y ) of Y . ✷
Proposition (2) recovers the results of [2, 27], but we also note the following. Let us
consider the de Rham complex of sheaves
0→ R→ T0∞
d
−→T1∞
d
−→· · · (8)
on J∞Y and the corresponding complex of differential algebras
0→ R→ Γ(T0∞)
d
−→Γ(T1∞)
d
−→· · · . (9)
The complex (8) is exact due to the Poincare´ lemma, and is a fine resolution of the
constant sheaf R on J∞Y . Then, similarly to Proposition 2, we obtain that the de Rham
cohomology of the differential algebra Γ(T∗∞) is isomorphic to that H
∗(Y ) of the fibre
bundle Y . It follows that every closed form φ ∈ Γ(T∗∞) is split into the sum
σ = ϕ + dξ, ξ ∈ Γ(T∗∞), (10)
where ϕ is a closed form on the fibre bundle Y .
The relation (4) for τ and the relation h0d = dHh0 for h0 define a homomorphisms of
the de Rham complex (9) of the algebra Γ(T∗∞) to its variational complex (7), and the
corresponding homomorphism of their cohomology groups is an isomorphism. Then, the
splitting (10) leads to the following decompositions.
Proposition 3. Any dH-closed form σ ∈ Γ(T
0,m), m < n, is represented by the sum
σ = h0ϕ+ dHξ, ξ ∈ Γ(T
0,m−1
∞ ), (11)
where ϕ is a closed m-form on Y . Any δ-closed form σ ∈ Γ(Tk,n), k ≥ 0, is split into
σ = h0ϕ+ dHξ, k = 0, ξ ∈ Γ(T
0,n−1
∞ ), (12)
σ = τ(ϕ) + δ(ξ), k = 1, ξ ∈ Γ(T 0,n∞ ), (13)
σ = τ(ϕ) + δ(ξ), k > 1, ξ ∈ Γ(Ek−1), (14)
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where ϕ is a closed n+ k-form on Y .
Let us now return to the differential algebra O∗∞. The following is proved [15, 16].
Proposition 4. The differential algebra O∗∞ has the same d-, dH- and δ-cohomology as
Γ(T∗∞).
It follows that cohomology of the variational complex (5) of the algebra O∗∞ is equal
to the de Rham cohomology of the fibre bundle Y . Furthermore, if σ in decompositions
(11) – (14) is an element of O∗∞ ⊂ Γ(T
∗
∞), then ξ is so.
In quantum field theory, all physical fields are linear or affine quantities. Therefore,
let Y → X is an affine bundle. Then X is a strong deformation retract of Y and the de
Rham cohomology of Y is equal to that of X . In this case, cohomology of the variational
complex (5) equals to the de Rham cohomology of the base manifold X . Hence, every
dH-closed form φ ∈ O
0,m<n
∞ is split into the sum
φ = ϕ+ dHξ, ξ ∈ O
0,m−1
∞ , (15)
where ϕ is a closed form on X . Any δ-closed form σ ∈ O0,n is split into
σ = ϕ+ dHξ, ξ ∈ O
0,n−1
∞ , (16)
where ϕ is a non-exact n-form on X .
3 Differential geometry of ghosts
Different geometric models of odd ghosts have been suggested. For instance, a ghost field
in the Yang–Mills theory on a principal bundle has been described as the Maurer–Cartan
form on the gauge group (see, e.g., [9, 26, 28]). This description however is not extended
to other gauge theories and to other odd elements of the physical basis. We provide the
following geometric model of odd fields on a smooth manifold X [22, 25].
Let Y → X be a vector bundle with an m-dimensional typical fibre V and Y ∗ → X
the dual of Y . We consider the exterior bundle
∧ Y ∗ = R⊕
X
(
m
⊕
k=1
k
∧Y ∗), (17)
whose typical fibre is the finitely generated Grassmann algebra ∧V ∗. Sections of the
exterior bundle (17) are called graded functions. Let AY denote the sheaf of germs of
graded functions on X . The pair (X,AY ) is a graded manifold with the body manifold
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X and the structure sheaf AY [6, 20]. We agree to call it a simple graded manifold with
the characteristic vector bundle Y . Note that any graded manifold (X,A) is isomorphic
to some simple graded manifold, but this isomorphism fails to be canonical [6, 7].
Given a bundle atlas {(U ; xλ, ya)} of Y with transition functions y′a = ρab (x)y
b, let
{ca} be the corresponding fibre bases for Y ∗ → X , together with the transition functions
c′a = ρab (x)c
b. We will call (xλ, ca) the local basis for the simple graded manifold (X,AY ).
With respect to this basis, graded functions read
f =
m∑
k=0
1
k!
fa1...akc
a1 · · · cak ,
where fa1···ak are local smooth real functions on U , and we omit the symbol of the exterior
product of coframes c.
In BRST theory, the basis elements ci of a simple graded manifold can describe odd
ghosts. For instance, in the Yang–Mills theory on a principal bundle P → X with the
structure group G, the above bundle Y is the Lie algebra bundle VGP = V P/G, where
V P denotes the vertical tangent bundle of P . The typical fibre of VGP is the right Lie
algebra g of the group G. If X is a compact manifold and G is a semisimple matrix Lie
group, the Sobolev completion of the set of sections of VGP → X is the Lie algebra of
the gauge group. The typical fibre of the dual V ∗GP of VGP is the coalgebra g
∗. Let {εr}
be a basis for g, {er} the corresponding fibre bases for VGP , and {C
r} the dual coframes
in V ∗GP . Elements C
r of these coframes play the role of ghosts in the BRST extension of
the Yang–Mills theory. Indeed, the canonical section C = Cr ⊗ er of the tensor product
V ∗GP ⊗ VGP is the above mentioned Maurer–Cartan form on the gauge group which one
regards as a ghost field. In the heuristic formulation of BRST theory, C plays the role of
a generator of gauge transformations with odd parameters, i.e., is the BRST operator.
Let dAY be the sheaf of graded derivations of the sheaf AY . Its sections are called
graded vector fields on the graded manifold (X,AY ) (or, simply, on X). Any graded
vector field u on an open subset U ⊂ X is a graded derivation of the graded algebra
Γ(U,AY ) of local graded functions on U , i.e.,
u(ff ′) = u(f)f ′ + (−1)[u][f ]fu(f ′), f, f ′ ∈ Γ(U,AY ),
where [.] denotes the Grassmann parity. The dAY is a sheaf of Lie superalgebras with
respect to the bracket
[u, u′] = uu′ + (−1)[u][u
′]+1u′u.
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Graded vector fields on a simple graded manifold can be seen as sections of a vector
bundle as follows. Due to the canonical splitting V Y ∼= Y ×Y , the vertical tangent bundle
V Y → Y of Y → X can be provided with the fibre bases {∂/∂ca}, dual of {ca}. These
are the fibre basis for pr2V Y
∼= Y . Then a graded vector field on a trivialization domain
U reads
u = uλ∂λ + u
a ∂
∂ca
, (18)
where uλ, ua are local graded functions [6, 22]. It yields a derivation of Γ(U,AY ) by the
rule
u(fa...bc
a · · · cb) = uλ∂λ(fa...b)c
a · · · cb + udfa...b
∂
∂cd
⌋(ca · · · cb). (19)
This rule implies the corresponding coordinate transformation law
u′λ = uλ, u′a = ρaju
j + uλ∂λ(ρ
a
j )c
j
of graded vector fields. It follows that graded vector fields (18) can be represented by
sections of the vector bundle VY → X which is locally isomorphic to the vector bundle
VY |U≈ ∧Y
∗⊗
X
(pr2V Y ⊕
X
TX) |U ,
and has the bundle coordinates (xλa1...ak , v
i
b1...bk
), k = 0, . . . , m, together with the transition
functions
x′λi1...ik = ρ
−1a1
i1
· · · ρ−1akik x
λ
a1...ak
,
v′ij1...jk = ρ
−1b1
j1
· · ·ρ−1bkjk
[
ρijv
j
b1...bk
+
k!
(k − 1)!
xλb1...bk−1∂λρ
i
bk
]
.
There is the exact sequence
0→ ∧Y ∗⊗
X
pr2V Y → VY → ∧Y
∗⊗
X
TX → 0
of vector bundles over X . Its splitting
γ˜ : x˙λ∂λ 7→ x˙
λ(∂λ + γ˜
a
λ
∂
∂ca
) (20)
transforms every vector field τ on X into the graded vector field
τ = τλ∂α 7→ ∇τ = τ
λ(∂λ + γ˜
a
λ
∂
∂ca
), (21)
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which is a graded derivation of the sheaf AY satisfying the Leibniz rule
∇τ (sf) = (τ⌋ds)f + s∇τ (f), f ∈ Γ(U,AY ), s ∈ C
∞(X),
for any open subset U ⊂ X . Therefore, one can think of the splitting (20) as being a
graded connection on the simple graded manifold (X,AY ) [22]. It should be emphasized
that this notion of a graded connection differs from that of a connection on a graded fibre
bundle in [1]. In particular, every linear connection
γ = dxλ ⊗ (∂λ + γλ
a
bv
b∂a)
on the vector bundle Y → X yields the graded connection
γ˜ = dxλ ⊗ (∂λ + γλ
a
bc
b ∂
∂ca
). (22)
For instance, let Y be the Lie algebra bundle VGP in the Yang–Mills theory on a
G-principal bundle P . Every principal connection A on P → X yields a linear connection
A = dxλ ⊗ (∂λ − c
r
pqA
p
λξ
qer)
on VGP → X [22] and, consequently, the graded connection on ghosts
A˜ = dxλ ⊗ (∂λ − c
r
pqA
p
λC
q ∂
Cr
),
where crpq are the structure constants of the Lie algebra g.
Let V∗Y → X be a vector bundle which is the pointwise ∧Y
∗-dual of VY . It is locally
isomorphic to the vector bundle
V∗Y |U≈ ∧Y
∗⊗
X
(pr2V Y
∗⊕
X
T ∗X) |U .
With respect to the dual bases {dxλ} for T ∗X and {dcb} for pr2V
∗Y = Y ∗, sections of
the vector bundle V∗Y take the coordinate form
φ = φλdx
λ + φadc
a,
together with transition functions
φ′a = ρ
−1b
aφb, φ
′
λ = φλ + ρ
−1b
a∂λ(ρ
a
j )φbc
j .
They are treated as graded 1-forms on the graded manifold (X,AY ).
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The sheaf O1AY of germs of sections of the vector bundle V
∗
Y → X is the dual of the
sheaf dAY , where the duality morphism is given by the interior product
u⌋φ = uλφλ + (−1)
[φa]uaφa.
Graded k-forms φ are defined as sections of the graded exterior bundle
k
∧
X
V∗Y such that
φ ∧ σ = (−1)|φ||σ|+[φ][σ]σ ∧ φ,
where |.| denotes the form degree. The graded exterior differential d of graded functions
is introduced in accordance with the condition u⌋df = u(f) for an arbitrary graded vector
field u, and is extended uniquely graded exterior forms by the rules
d(φ ∧ σ) = (dφ) ∧ σ + (−1)|φ|φ ∧ (dσ), d ◦ d = 0.
It takes the coordinate form
dφ = dxλ ∧ ∂λ(φ) + dc
a ∧
∂
∂ca
(φ),
where the left derivatives ∂λ, ∂/∂c
a act on coefficients of graded exterior forms by the rule
(19), and they are graded commutative with the forms dxλ, dca.
With d, graded exterior forms constitute a graded differential algebra O∗AY , where
O0AY = Γ(AY ) is the graded commutative ring of graded functions on X . There is a
monomorphism of differential algebras O∗(X) → O∗AY . Let T
∗AY denote the sheaf of
germs of graded exterior forms on X . Then O∗AY = Γ(T
∗AY ).
If the basis elements ca of the graded manifold (X,AY ) are treated as ghosts of ghost
number 1, graded exterior forms φ ∈ O∗AY can also be provided with a ghost number by
the rule
gh(dca) = 1, gh(dxλ) = 0.
Then the Grassmann parity [φ] is equal to gh(φ)mod2. Ona also introduces the total
ghost number gh(φ) + |φ|.
4 Jets of ghosts
As was mentioned above, the antibracket and the BRST opreator in the field-antifield
BRST theory of [4, 5, 11] are expressed in terms of jets of ghosts. For example, the BRST
transformation of gauge potentials amλ in the Yang–Mills theory reads
sarλ = C
r
λ + c
r
pqa
p
λC
q,
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where Crλ are jets of ghosts C
r introduced usually in a heuristic way. We will describe
jets of odd fields as elements of a particular simple graded manifold.
Let Y → X be the characteristic vector bundle of a simple graded manifold (X,AY ).
The r-order jet manifold JrY of Y is also a vector bundle over X . Let us consider the
simple graded manifold (X,AJrY ) with the characteristic vector bundle J
rY → X . Its
local basis is {xλ, caΛ}, 0 ≤ |Λ| ≤ r, together with the transition functions
c′aλ+Λ = dλ(ρ
a
j c
j
Λ), (23)
where
dλ = ∂λ +
∑
|Λ|<r
caλ+Λ
∂
∂caΛ
denotes the graded total derivative. In view of the transition functions (23), one can think
of (X,AJrY ) as being a graded r-order jet manifold of the graded manifold (X,AY ). It
should be emphasized that this notion differs from that of a graded jet manifold of a
graded fibre bundle [24].
Let O∗AJrY be the differential algebra of graded exterior forms on the simple graded
manifold (X,AJrY ). Being a linear bundle morphism of vector bundles over X , the
affine bundle pirr−1 : J
rY → Jr−1Y yields the corresponding morphism of simple graded
manifolds (X,AJrY )→ (X,AJr−1Y ) [22] and the pull-back monomorphism of differential
algebras O∗AJr−1Y → O
∗AJrY . With the inverse system of jet manifolds (1), we have the
direct system of differential algebras
O∗AY −→O
∗AJ1Y −→· · ·O
∗AJrY
pir+1∗r−→· · · .
Its direct limit O∗∞AY consists of graded exterior forms on graded jet manifolds (X,AJrY ),
0 ≤ r, modulo the pull-back identification. It is a locally free C∞(X)-algebra generated
by the elements
(1, dxλ, caΛ, θ
a
Λ = dc
a
Λ − c
a
λ+Λdx
λ), 0 ≤ |Λ|.
We have the corresponding decomposition of O∗∞AY into O
0
∞AY -modules O
k,s
∞ AY of k-
contact and s-horizontal graded forms. Accordingly, the graded exterior differential d on
the algebra O∗∞AY is split into the sum d = dH + dV of the graded horizontal differential
dH(φ) = dx
λ ∧ dλ(φ), φ ∈ O
∗A∞,
and the graded vertical differential dV .
If the basis elements ca of the graded manifold (X,AY ) are treated as ghosts of ghost
number 1, jets of ghosts caΛ and the graded exterior forms dc
a
Λ are also provided with ghost
number 1.
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5 Even fields and antifields
In order to describe odd and even elements of the physical basis of BRST theory on the
same footing, let us generalize the notion of a graded manifold to graded commutative
algebras generated both by odd and even elements [21].
Let Y = Y0 ⊕ Y1 be the Whitney sum of vector bundles Y0 → X and Y1 → X . We
treat it as a bundle of graded vector spaces with the typical fibre V = V0 ⊕ V1. Let us
consider the quotient of the tensor bundle
⊗Y ∗ =
∞
⊕
k=0
(
k
⊗
X
Y ∗)
by the elements
y0y
′
0 − y
′
0y0, y1y
′
1 + y
′
1y1, y0y1 − y1y0
for all y0, y
′
0 ∈ Y
∗
0x, y1, y
′
1 ∈ Y
∗
1x, and x ∈ X . This is an infinite-dimensional vector bundle
which we will denote by ∧Y ∗. Global sections of ∧Y ∗ constitute a graded commutative
algebra AY (X) which is the product over C
∞(X) of the commutative algebra A0(X) of
global sections of the symmetric bundle ∨Y ∗0 → X and the graded algebra A1(X) of
global sections of the exterior bundle ∧Y ∗1 → X .
Let AY , A0 and A1 be the sheaves of germs of sections of the vector bundles ∧Y
∗,
∨Y ∗0 and ∧Y
∗
1 , respectively. For instance, the pair (X,A1) is a familiar simple graded ma-
nifold. For the sake of brevity, we therefore agree to call (X,AY ) the graded commutative
manifold with the characteristic vector bundle Y . Given a coordinate chart (xλ, yi0, y
a
1) of
Y , the local basis for (X,AY ) is (x
λ, ci0, c
a
1), where {c
i
0} and {c
a
1} are the fibre bases for the
vector bundles Y ∗0 and Y
∗
1 , respectively. Then a straightforward repetition of all the above
constructions for a simple graded manifold provides us with the differential algebra O∗A∞
of graded commutative exterior forms on X . This is a C∞(X)-algebra generated locally
by the elements (1, ci0Λ, c
a
1Λ, dx
λ, θi0Λ, θ
a
1Λ), 0 ≤ |Λ|. Its C
∞(X)-subalgebra O∗A1∞, gener-
ated locally by the elements (1, ci1Λ, dx
λ, θi1Λ), is exactly the differential algebra O
∗
∞AY1 on
the simple graded manifold (X,A1). The C
∞(X)-subalgebra O∗A0∞ of O
∗A∞, generated
locally by the elements (1, ci0Λ, dx
λ, θi0Λ), 0 ≤ |Λ|, is isomorphic to the polynomial subalge-
bra of the differential algebra O∗∞ of exterior forms on the infinite order jet manifold J
∞Y0
of the vector bundle Y0 → X . This isomorphism is performed by the formal assignment
yi0Λ ↔ c
i
0Λ which is preserved by the transition functions (2) and (23).
In the field-antifield BRST theory, the basis elements ci0Λ of the algebra O
∗A∞ can
characterize even elements of the physical basis and their jets, while ca1Λ describe odd
elements of the physical basis and their jets.
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It should be emphasized that, in the jet formulation of the field-antifield BRST theory,
antifields can be introduced on the same footing as physical fields and ghosts. Let us
denote physical fields and ghosts by the collective symbol ΦA. Let E be the characteristic
vector bundle of the graded commutative manifold generated by ΦA. Treated as source
coefficients of BRST transformations, antifields Φ∗A are represented by elements of the
graded commutative manifold whose structure vector bundle is
n
∧T ∗X ⊗ E∗ (cf. the
geometric treatment of antifields in functional BRST formalism [19, 30]).
In particular, gauge potentials in the Yang–Mills theory are represented by sections
of the affine bundle J1P/G → X modelled on the vector bundle TX ⊗ V ∗GP . Their
antifields are the basis elements of the vector bundle
n
∧T ∗X ⊗ T ∗X ⊗ VGP . Accordingly,
the antifields of ghosts in the Yang–Mills theory are the basis elements of the vector
bundle
n
∧T ∗X ⊗ V ∗GP .
6 The variational complex in BRST theory
The differential algebra O∗A∞ gives everything that one needs for a global formulation
of the Lagrangian field-antifield BRST theory in jet terms. In particular, let us consider
the short variational complex
0 −→R −→O0A∞
dH−→O0,1A∞
dH−→· · ·
dH−→O0,nA∞
δ
−→ Im δ → 0, (24)
where δ is given by the expression
δ(L) = (−1)|Λ|θa ∧ dΛ(∂
Λ
a L), L ∈ O
0,nA∞,
with respect to a physical basis {ζa}. The variational complex (24) provides the algebraic
approach to the antibracket technique, where one can think of elements of O0,nA∞ as
being Lagrangians of fields, ghosts and antifields.
To obtain cohomology of the variational complex (24), one can follow exactly the
procedure in Section 2. Let us consider the sheaf T∗A∞ of germs of graded commutative
exterior forms φ ∈ O∗A∞ and the differential algebra Γ(T
∗A∞) of global sections of this
sheaf. We have the short variational complex of sheaves
0 −→R −→T0A∞
dH−→T0,1A∞
dH−→· · ·
dH−→T0,nA∞
δ
−→ Im δ → 0. (25)
There is the following variant of the algebraic Poincare´ lemma [10, 11, 13].
Lemma 5. The complex (25) is exact.
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Since T0,∗A∞ are sheaves of C
∞(X)-modules, they are fine and acyclic. Without
studying the acyclicity of the sheaf Im δ, we can apply a minor modification of the abstract
de Rham theorem [15, 27] to the complex (25), and obtain the following.
Proposition 6. Cohomology of the complex
0 −→R −→Γ(T0A∞)
dH−→Γ(T0,1A∞)
dH−→· · ·
dH−→Γ(T0,nA∞)
δ
−→ Im δ → 0 (26)
is isomorphic to the de Rham cohomology of X .
This cohomology isomorphism is performed by a monomorphism of the de Rham
complex of exterior forms on X to the complex (26); that leads to the following.
Corollary 7. Every dH-closed form φ ∈ Γ(T
0,m<nA∞) is split into the sum
φ = ϕ+ dHξ, ξ ∈ Γ(T
0,m−1A∞), (27)
where ϕ is a closed m-form on X . Every δ-closed form φ ∈ Γ(T0,nA∞) is split into the
sum
φ = ϕ+ dHξ, ξ ∈ Γ(T
0,n−1A∞), (28)
where ϕ is a non-exact n-form on X .
Turn now to the short variational complex (24). Its cohomology is equal to that
of the complex (26). The proof of this fact is a repetition of that of Proposition 4
where exterior forms on J∞Y are replaced with graded commutative forms on X and,
accordingly, Lemma 5 and Corollary 7 are quoted. It follows that a graded commutative
form exterior ξ in the expressions (27) and (28) belongs to the algebra O∗A∞ whenever
φ does.
We also mention the important case of a BRST theory where Lagrangians are inde-
pendent on coordinates xλ. Let us consider the subsheaf T
∗
A∞ of the sheaf T
∗A∞ which
consists of germs of x-independent graded commutative exterior forms. Then we have the
subcomplex
0 −→R −→T
0
A∞
dH−→T
0,1
A∞
dH−→· · ·
dH−→T
0,n
A∞
δ
−→ Im δ → 0 (29)
of the complex (25) and the corresponding subcomplex
0 −→R −→Γ(T
0
A∞)
dH−→Γ(T
0,1
A∞)
dH−→· · ·
dH−→Γ(T
0,n
A∞)
δ
−→ Im δ → 0 (30)
of the complex (26) which consists of x-independent graded commutative exterior forms.
It is readily observed that these forms are of bounded jet order and Γ(T
0,∗
A∞) ⊂ O
0,∗A∞,
i.e., the complex (30) is also a subcomplex of the short variational complex (24).
14
The key point is that the complex of sheaves (29) fails to be exact. The obstruction
to its exactness at the term T
0,k
∞ is provided by the germs of k-forms on X with constant
coefficients [5]. Let us denote the sheaf of such germs by SkX . We have the short exact
sequences of sheaves
0→ Im dH → Ker dH → S
k
X → 0, 0 < k < n,
0→ Im dH → Ker δ → S
n
X → 0
and the corresponding sequences of modules of their global sections
0→ Γ(Im dH)→ Γ(Ker dH)→ Γ(S
k
X)→ 0, 0 < k < n,
0→ Γ(Im dH)→ Γ(Ker δ)→ Γ(S
n
X)→ 0,
which are exact because Sk<nX and S
n
X are subsheaves of R-modules of the sheaves Ker dH
and Ker δ, respectively. Therefore, the kth cohomology group of the complex (30) is
isomorphic to the R-module Γ(SkX) of global constant k-forms, 0 < k ≤ n, on the manifold
X . Thus, any dH-closed graded commutative k-form, 0 < k < n, and any δ-closed
graded commutative n-form φ are split into the sum φ = ϕ+ dHξ where ϕ ∈ Γ(S
k
X) and
ξ ∈ Γ(T0,k−1A∞).
Thus, we observe that the obstruction to the exactness of the variational complex in
the field-antifield BRST theory on an arbitrary manifold X lies only in exterior forms
on X . In particular, it follows that the topological ambiguity of a proper solution of the
master equation in the Lagrangian BRST theory reduces to exterior forms on X .
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